Dynamic modelling of the inductive plasma start-up utilizing only the outer poloidal field (PF) coils without using an in-board Ohmic solenoid was performed for the National Spherical Torus eXperiment (NSTX) based on the static calculation result. A time-dependent calculation using the two-dimensional axisymmetric dynamic code and the plasma evolution code enabled us to find the appropriate waveform of the NSTX PF coils that satisfied various start-up conditions, such as the formation and sustainment of field null, a significant amount of magnetic flux for further plasma current ramp-up, sufficient size of the E t · B t /B ⊥ = 0.1 kV m −1 contour for successful breakdown, force balance condition, etc. Among many sets of solutions possibly satisfying the aforementioned conditions, the result introduced in this report also meets the requirement imposed by the power supply system. With the obtained current waveform of the PF coils, it is shown that the hexapole quality field null can be sustained for at least 6 ms with a reasonably large size. The available induction flux at the expected starting time of the breakdown period is as large as 0.15 Wb, with which the plasma current can ramp up to a few hundred kiloamperes, based on experience from the conventional in-board Ohmic solenoid start-up on NSTX. The size of the E t · B t /B ⊥ = 0.1 kV m −1 contour, in which successful breakdown occurred in the presence of strong pre-ionization on DIII-D, is as large as more than 30 cm, and sustains for several milliseconds. An analysis for the force balance and the field index shows that the plasma produced can be stable for radial as well as vertical perturbations during the initial start-up phase.
Introduction
In most toroidal fusion devices, such as tokamaks, spherical tori (ST) and the like, the conventional inductive plasma generation and current ramp-up are achieved by utilizing the toroidal electric field induced because of the magnetic flux change that is provided by an Ohmic solenoid installed in the in-board side of the toroidal plasma [1] [2] [3] . Such a generation scheme has a prominent benefit, which is that the time-dependent central solenoid current mostly induces a vertical field change, i.e. poloidal flux change inside the solenoid, resulting in efficient power consumption. However, the undesirable transverse stray field should be kept at a low level inside the plasma generation region because the flux loss due to the stray field is crucial in the initial start-up phase during which closed flux surfaces are not formed yet [4] .
In general, the space in the in-board side of toroidal devices is very valuable in both technological and economical aspects [5] . An in-board Ohmic solenoid along with the shielding needed for its thermal and radiological insulation can dramatically increase the size and thus, the cost of the fusion power plants. Therefore, advanced tokamak and ST reactor designs such as the component test facility (CTF) [5, 6] , ARIES-ST [7] , ARIES-AT [8] envision no in-board solenoid to reduce the size and cost of the power plant. In addition, an elimination of the in-board solenoid greatly reduces the toroidal field (TF) coil stress and simplifies the coil design.
Although various non-inductive start-up and current-drive methods have been developed over the years using radio-frequency (rf), neutral beam injection (NBI), etc [9] [10] [11] , an inductive scheme is still considered as a technologically simple and cost effective method. The plasma initiation by a merging and compression scheme without an Ohmic solenoid transformer has been routinely used in mega ampere spherical tokamak (MAST) experiments utilizing a set of internal poloidal field (PF) coils inside the vacuum vessel [12] . This approach could, however, limit the horizontal mid-plane access needed, for example, for the removable blanket module for CTF. Recently, other ideas of inductive variances using PF coils in plasma initiation and current ramp-up were proposed [13, 14] , and an experiment in the JT-60U tokamak demonstrated how to induce a plasma current in the presence of strong rf pre-ionization. Although an Ohmic solenoid was not used in the experiment, a part of the shaping coil located in the in-board side of the torus provided less than 20% of the total flux [15] . Since no PF coils are envisioned in the in-board side, especially for an ST reactor, an outer PF coil-only inductive start-up scheme by employing careful alignment of magnetic field in the initial start-up phase was suggested [16] . In this work, the time-dependent modelling of the PF coil-only start-up scheme is described to show the evolution of magnetic field and electric field structures that should be satisfied for the successful breakdown [17] . Through the dynamic calculation, a proper waveform of PF coils was obtained which sustained the field null for a sufficient period of time with a significant amount of magnetic flux required for subsequent plasma current ramp-up.
A brief description of the numerical codes
In order to establish the inductive PF coil-only start-up scenario, a set of numerical tools consisting of a dynamic electromagnetic code and a plasma evolution code were developed. The dynamic code finds the optimized current waveform of each coil by satisfying various conditions for successful start-up, including the formation of field null, sufficient toroidal electric field, significant amount of magnetic flux and so on. Since the eddy current flowing through conducting structures, such as the vacuum vessel and the passive stabilizers, during flux swing is usually a large current source of transverse stray field, it was taken into account for an exact description of the initial plasma start-up phase. The plasma evolution code that solves a set of zero-dimensional particle and power balance equations calculates the time variation of plasma current, and it was used to check the radial and vertical force balance of the plasma during the initial start-up.
In the two-dimensional axisymmetric dynamic code, current carrying parts are categorized into three types for the sake of convenience: the preset coils, the optimized coils and the eddy current carrying parts. The preset coils represent coils with preset temporal current waveforms which are mainly responsible for flux swing. The optimized coils usually play the role of compensating stray fields produced by the preset coils and the passive conducting structures. With the conducting structures assumed to be made up of hundreds of divided ring elements, the governing equation of the current carrying parts is expressed as a coupled circuit equation connected by mutual inductance with the piecewise linear bias voltage [18] .
where L is a square matrix composed of magnetic inductance and R represents a resistance matrix. The diagonal and the off-diagonal terms of L correspond to self inductance and mutual inductance between elements, respectively. The row vector I consists of current flowing in each conducting element and˙ I denotes its time derivative. V c and V s on the right-hand side represent the piecewise linear bias voltage. Solving equation (1) by the eigenmode expansion method provides a time-dependent analytic solution as [18] 
, E is an eigenfuction matrix, γ is an eigenvalue vector, and I 0 and V 0 are the initial values of the current and voltage, respectively. Due to the analytic form of the solution, the time-dependent conductor currents are obtained without direct numerical integration. This property is good for the optimization procedure because its accuracy is independent of the numerical time-step size.
The waveforms of the optimized coils were arrived at by satisfying the constraints B z = 0 and ∂B z /∂r = 0 at the desired location where breakdown was expected to occur through an optimization procedure. Although only the up-down symmetric cases in which the field null forms at the mid-plane are considered in this paper, the dynamic code is also applicable to the up-down asymmetric cases by adding extra constraints such as radial field related terms. The optimization was performed by minimizing the sum of squared deviations to each constraint,
where V and σ denote the bias voltage of the optimized coils and the standard deviation used for adjusting weighting factors among constraints, respectively. M and N are the number of optimized coils and the number of constraints, respectively. The ys are the values required for the formation of the field null (y = 0 from B z = ∂B z /∂r = 0 at the field null centre in this case). The matrix x contains the relation factors between the bias voltage and the constraint in which relations among the coil voltages, conductor currents and the values of field null variables such as B z and ∂B z /∂r with the device geometry and the breakdown position are described. To find the coil bias voltages V which minimize χ 2 , the singular value decomposition (SVD) method was adopted [19] . Once the voltages are obtained, coil currents are calculated from equation (2) . In practice, the values of current and bias voltage of each coil are often limited by the power supply specification. Therefore, the coil current and bias voltage found by the optimization procedure were finally checked to confirm whether the values were within the capability of the given power supplies.
The plasma evolution code developed based on the zero-dimensional particle and power balance model [20] simulates the time variation of the plasma parameters, such as plasma current, temperature and density of electrons and ions, plasma resistance and so on by solving Table 1 . NSTX PF coils used for the PF coil-only start-up scheme. In the current study, it was assumed that the symmetric coils below the mid-plane are connected in series with the coils above the mid-plane. a set of time-dependent ordinary differential equations using the fourth order Runge-Kutta integration method. Its main role was to check the radial and vertical force balance of the plasma produced during the initial start-up phase. In the model, the evolution of the plasma current I p is described by
where R p and V l are plasma resistance and loop voltage, respectively. The plasma inductance L p was calculated from
where the internal inductance l i was assumed in the analysis to be 0.5 (flat current profile) for the sake of simplicity. The major radius R and the minor radius a as well as V l were provided by the field null structure calculated by the dynamic electromagnetic code. The force balance was finally considered, to examine whether the plasma produced could be maintained at the desired location simply by comparing the vertical field produced by PF coils and eddy currents with the vertical field needed for equilibrium:
where = β p + (l i /2) − 1. It was assumed that poloidal beta β p = 1, i.e. ≈ l i /2. The preset current waveforms and the constraints for the dynamic code were adjusted until the force balance was fulfilled. In this way, the two numerical codes worked alternately to establish a start-up scenario. Since the developed numerical codes simulate cases with zero or small plasma current during the eddy current decay time, a quite accurate description of the initial plasma start-up is possible.
Dynamic modelling for optimization of initiation phase on NSTX for PF coil-only inductive start-up
In this section, detailed results of the dynamic simulation based on the static calculation of the outer PF coil-only start-up scheme on National Spherical Torus eXperiment (NSTX) [16] are described. Among the PF coils of the NSTX device [21] , the proposed start-up scheme utilizes only PF2, PF3, PF4 and PF5 coils installed in the outer region for generating loop voltage and a field null structure. The position of the utilized PF coils are summarized and depicted in table 1 and figure 1(a). Before attempting the time-dependent simulation, a static calculation [16] was performed to understand the role of each PF coil in generating the field null and flux. As depicted in figure 1(b) , where the vertical field B z produced at mid-plane is shown, PF2 and PF3 coils produce B z peaking at the major axis and decreasing with major radius R. On the other hand, B z produced by the PF4 coil generally shows a flat profile, except at large R. Therefore, the net B z shows a maximum at R = 0 and decreases with R. This property is adequate to provide the large flux, since the total flux is proportional to the net vertical field enclosed by the plasma major radius which peaks toward the major axis. The B z produced by PF5 gives an additional positive flux as shown in the figure. Another important point to note is that the field gradient produced by the PF4 coil effectively cancels the gradient produced by the PF2 and PF3 fields at large R. Appropriate adjustment of the PF5 coil current trims the small B z to create a good quality field null (zero field region) which also has zero field gradient as shown in figure 1(c). Figures 1(d) and (e) depict the resulting mod-B contours and the available flux as a function of R.
In order to properly describe the time-dependent effects during the early phase of start-up, the dynamic numerical code follows the three consecutive start-up stages [22] . First, in the pre-magnetizing stage, coil currents are slowly raised for preparing a flux swing under the driving capability of the power supply system. The coil current values that have to be charged can be given by the static calculation ignoring eddy currents in the structure materials. If the condition for field null formation is roughly satisfied in this stage, the field null generation will be easily achieved in the flux swing stage that follows. In addition, it is noted that the charging time is limited by the current raising capability of the power supply and fast current charging usually leads to the induction of large eddy current. Therefore, the charging time should be set to a reasonable value under the hardware limits, and it was set to be 500 ms for all coils in this study. During the initial 500 ms (−500 ms < t < 0), the current waveform of each coil was preset to be in a linearly rising form, as shown in figure 2(a) . As a result of the pre-magnetization, the current level of PF2 and PF3 coils reaches 20 kA, respectively. The pre-magnetizing stage is followed by the flux swing stage assigned for raising the loop voltage sufficiently high for breakdown of the deuterium neutral gas (0 < t < 23 ms). During the stage, all PF coils experience steep temporal change of the current, which generates loop voltage inside the vacuum vessel. The current waveform of PF4 and PF5 coil was precisely optimized for trimming the stray field to generate a field null at the end of the flux swing stage through the dynamic compensation. Figure 3(a) represents the mid-plane radial profile of B z produced by each PF coil and the sum of all eddy currents at t = 25 ms. From the fact that the contribution to B z from the eddy currents is larger than that from the PF2 or PF5 coils, it is easily expected that it can significantly change the static field structure. One can see from the net field profile in figure 3 (b) that a field null region is produced by effectively cancelling the local stray field around R = 1.4 m and that the quality field null which keeps the direct particle loss along the field line low is achieved with a hexapole flux structure as shown in figure 3(c). As will be illustrated later, such a field null sustains for several milliseconds. In addition, each PF coil should be biased to a high voltage due to its large magnetic inductance in order to ensure a steep flux swing. As depicted in figures 2(c) and (d) where coil currents and voltages in the flux swing stage are depicted, the maximum voltage of PF4 coil reaches −2.86 kV, which is within the NSTX power supply limit. At t = 23 ms, the loop voltage rises above 4.5 V (i.e. toroidal electric field ≈0.51 V m −1 ), which is sufficiently high for breakdown to occur. The flux and the loop voltage as a result of the flux swing are plotted in figure 4 . At t > 23 ms, an avalanche process will take place and the current channel will be formed due to the generated toroidal electric field (breakdown stage). As depicted in the figure, the available flux is about 0.15 Wb. Although it decreases by about 13% in 3 ms, it should be sufficient to start-up a few hundred kiloamperes of solenoid-free plasma current, which would be a good target for the HHFW rf heating and current drive to further ramp-up the plasma current. It should be noted that on NSTX, 1 MA discharge was created with only about 0.3 Wb of Ohmic solenoid flux.
Other than the loop voltage and flux, another important parameter for successful start-up is the size of the field null region, especially during the breakdown stage. It is because during the avalanche process the toroidal electric field is related to the charged particle production, while the field null region is related to the particle loss [20] . For maintaining the breakdown in time, particle production should occur more than particle loss. This condition was empirically demonstrated in DIII-D as E t ·B t /B ⊥ > 0.1 kV m −1 in the presence of sufficient pre-ionization [17] , where E t is the toroidal electric field, B t is the toroidal magnetic field and B ⊥ is the stray field perpendicular to the TF. Figure 5 shows the evolution of the 0.1 kV m −1 contour from our calculation for NSTX based on the current waveform shown in figure 2 , where it is seen that a contour more than 30 cm in diameter is maintained for several milliseconds. On the other hand, the result of the plasma evolution code indicated that the plasma current grew up to several kiloamperes during the period (as shown in figure 6(a) ). For the calculation, it was assumed that the neutral deuterium pressure was fixed at 2 × 10 −5 Torr. Suppose that the plasma size is approximately same as the contour size, the PF produced by the plasma current after 6 ms, for instance, becomes about 180 G, which is much larger than the stray field at that instant. It suggests that the closed flux surfaces form after a few milliseconds from the start of the plasma and the sustainment of the field null is sufficient for the first few milliseconds. In addition, the plasma current rises to 11 kA in 6 ms, of which the ramp-up rate corresponds to 1.84 MA s −1 . The ramp-up rate is somewhat low compared to that in the typical NSTX solenoid discharges because of the low electric field and high plasma self inductance in the out-board side. It should be noted here that the expressions for the plasma inductance L p and the vertical field B z in equations (5) and (6) that are only valid for high aspect ratio plasmas are still applicable in the proposed scheme; because the produced plasma will have a high aspect ratio in the initiation phase since the plasma initiation position under study is at R = 1.4 m and the plasma radius is expected to be ∼0.15 m, which is supposed to be similar to that of the breakdown contour as shown in figure 5 .
Once the plasma is produced with its current flowing in the toroidal direction, it becomes important to confirm whether the plasma can be held at the desired location with radial as well as vertical stability. The force balance was examined by simply comparing B z produced by PF coils and eddy currents with the vertical field needed for equilibrium using equation (6) stability was checked by calculating the field index. The solid curve in figure 6 (b) represents the net B z calculated from the conducting currents, while the dashed curve indicates the vertical field required to match force balance with the corresponding plasma current. From the fact that the two curves are in reasonable agreement, it is considered that the force balance condition can be met during the breakdown phase although the small discrepancy in the magnitude should be solved by the accurate feedback or feedforward control of the coil current supply. The position of the plasma centre and the field index defined by n = −(R/B z )(∂B z /∂R) are also depicted in figure 6 (c) as a function of time. From the fact that the field index stays between 0 and 1.5, the vertical stability (n > 0) and the radial stability (n < 1.5) [23] are simultaneously satisfied during the breakdown period. The plasma centre, initially located at 1.42 m, moves slightly inside as time advances, and it arrives at 1.36 m after 6 ms. Once the plasma initiates at the null field region, it can be pushed in towards the major axis from the initial start-up position by careful feedback or feedforward position control for allowing size increase as PF coil currents are ramped down.
Discussions and conclusions
The time-dependent modelling of the PF coil-only inductive start-up scheme designed for breakdown and plasma start-up without using an in-board Ohmic solenoid was performed for NSTX using only PF2, PF3, PF4 and PF5 coils located outside the vacuum vessel. Preset waveforms were given to some of the PF coils (PF2 and PF3) and the waveforms of the rest of the PF coils (PF4 and PF5) were acquired through the optimization procedure by satisfying the field null condition (B z = ∂B z /∂r = 0) for a given period of time at a location where plasma is expected to initiate. Other constraints taken into account in the modelling include sufficient level of the available flux for further plasma current ramp-up, large field null size or E t · B t /B ⊥ (>0.1 kV m −1 ) contour size, coil current and voltage limit imposed by the power supply system, force balance condition, i.e. magnitude and shape (or field index) of the vertical field produced by PF coils and eddy currents. The results for the NSTX geometry demonstrated in the previous section satisfy all the aforementioned conditions. In detail, the coil currents and voltages are kept under 20 kA and 2 kV or 3 kV, respectively, with the loop voltage higher than 4.5 V (toroidal electric field >0.51 V m −1 ) which is sufficiently high for breakdown to occur. The field null of reasonable size sustains for several milliseconds during which the plasma current rises up to ∼10 kA. The available flux reaches about 0.15 Wb, which is expected to be sufficient to ramp the plasma current up to a few hundred kiloamperes based on the experience from the solenoid start-up case. During the initial start-up phase, the magnitude of the vertical field produced by PF coils and induced eddy currents is comparable to that required for force balance, and the field index stays between 0 and 1.5 indicating that the produced plasma can be stable against the axisymmetric mode (toroidal mode number = 0). In addition, the position of the plasma centre changes little around the R = 1.4 m during the period. The reason for the out-board start-up at R = 1.4 m is that the importance of the PF4 and PF5 coils in the field null generation is large so that the field null and breakdown contour size decrease as R decreases. Otherwise, requirements on the power supply system become very tight.
The work reported in this paper was mainly focused on the initiation phase of the plasma start-up. Once the plasma current further rises so that the PF produced by the plasma is much larger than the transverse stray field, a more thorough time-dependent two-dimensional equilibrium calculation should be performed. This is left as work for the future. Finally, the PF coil-only start-up scheme can be similarly applied to any other devices, and the detailed results on Next Step Spherical Torus (NSST) with optimization of coil positions will be reported elsewhere.
